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Hybrid Finite Volume Approach to Euler Solutions
for Supersonic Flows

M. J. Siclari* and P. Del Guidice}
Grumman Corporate Research Center, Bethpage, New York

A new efficient numerical scheme is presented to solve the Euler equations about three-dimensional surfaces
for supersonic flows. The approach utilizes a node-centered, physical space, finite-volume, central-difference
scheme with added dissipation that is applied to the crossflow plane terms of the Euler equations. The discretized
unsteady Euler equations are then solved by multistage Runge-Kutta integration with local time stepping and
residual smoothing to accelerate convergence to a steady state. Three-dimensiosial flows are treated using an
upwind finite-difference scheme for the nonconical terms within the context of a fully implicit marching
technique on spherical surfaces. Results for both conical and three-dimensional flows are presented.

Introduction

Y OLUTIONS to the Euler equations have been reported by

many investigators for both two- and three-dimensional
flows. For transonic flows, two- and three-dimensional cen-
tral-difference Cartesian finite-volume schemes have been
reported by Jameson (Refs. 1-3). These schemes utilized
multistage, Runge-Kutta, explicit pseudotime integration and
added blending of second- and fourth-order dissipation terms
for stability and shock capturing. Upwind flux-split implicit
schemes have also been developed (see Refs. 4, 6 and 7) and
applied to both transonic and supersonic flow problems.
Shock fit supersonic conical flow Euler solutions with
separated flows have been reported by Marconi (see Refs. 8
and 9). Recently, Powell et al. and Murman et al. (see Refs.
10-12) have developed supersonic conical solutions to the
Euler equations for separated flows using a cell-centered cen-
tral-difference finite-volume scheme with aspects similar to
Jameson (Ref. 1) and Rizzi and Eriksson (Ref. 13).

In this report, a numerical scheme is developed, based
on Jameson’s recent explicit, vortex-based, finite-volume
method (see Ref. 3), specifically tailored to supersonic flows
about conical and three-dimensional surfaces. The approach is
distinct from Murman’s for conical flows in that it is com-
posed of a vertex- or node-centered rather than a cell-centered
finite-volume scheme. The node-centered scheme eliminates
the necessity of extrapolating the pressure terms to the
boundary. It also yields more accurate flux estimates on highly
skewed or irregular meshes. The added dissipation is very
similar to that used by Jameson in Ref. 1.

The three-dimensional unsteady Euler equations are written
in a physical space conical/spherical coordinate system. For
three-dimensional supersonic flows, the present technique
utilizes an upwind marching on spherical surfaces. The
upwind treatment of the marching terms has the advantage of
not requiring added dissipative terms in the marching
direction. Employing spherical surfaces for marching allows
the treatment of lower freestream Mach numbers prior to
encountering subsonic Mach numbers in the marching
direction. This is necessary for the computation of wings in
the lower supersonic Mach number regime. The marching is
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fully implicit in that the nonconical marching terms are
included in each stage of the Runge-Kutta integration scheme.
Hence, a pseudotime integration is employed to converge to a
steady-state solution for each crossflow plane. This essentially
eliminates all marching step size stability constraints except
those dictated by accuracy requirements.

The three-dimensional implicit marching method treats the
crossflow terms in a similar fashion to the conical flow
method by using a conical coordinate finite-volume scheme in
physical space. The three-dimensional terms are evaluated
separately in a computational space in finite-difference form.
This, in essence, yields a hybrid method that utilizes the salient
features of the unsteady physical space finité-volume method
for each crossflow plane with a simple finite-difference up-
wind treatment for the marching terms.

The present method is shown to produce both attached and
separated conical flows. The method is validated against com-
putational and experimental data for both conical flows
and an attached three-dimensional supersonic fighter wing
(Ref. 14) where full potential solutions with entropy correc-
tions (Ref. 19) are also available for comparison. A three-di-
mensional body at high angle of attack is also compared to
experiment and full potential theory.

Governing Equations

The differential form of the unsteady Euler equations in a
Cartesian coordinate system is

0Q af odg  oh
6t+8x+ay+az~0 )

where
o pu
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v puv
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e pouH
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and p, u, v, w, e, P, and H denote nondimensional density,
Cartesian velocity components, energy, pressure, and total
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Fig. 1 Schematic of node-centered finite volume scheme: a) individ-
ual cell, b) node residual, and c) interlocking residuals.

enthalpy. The pressure and total enthalpy are related to the
flow variables by the following expressions:

P 1
e = —— + —p W+ v+ w?)
r—D 2
e+ P
H =
P )

The Cartesian Euler equations can be expressed in a spheri-
cal or conical coordinate system by letting
X=x/z, y=y/z, and R?=x2+4y?+2z?2

The set of partial differential equations (1) transforms to
af dg .- R oh
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where @ =1 + 2 + 3%, 1 = (Q/R)¢, and
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If conical similtude is assumed, the set of partial differential
equations (3) reduces to the identical set of equations used in
Refs. 10-12 for conical flows on a unit sphere.

Hybrid Finite-Volume Scheme
A hybrid finite-volume approach is used in which a dis-
cretized integral formulation is applied to the crossflow terms
in Eq. (3) and a simple finite-difference approximation is de-
veloped for the R derivatives in the marching direction. Equa-
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tion (3) can be expressed in integral form as

2”QdfcdﬂS(?dy—gdfc)+2HIrab-caly

R o .
+§3§jﬁdxdy—0 (4)

§

Crossflow Plane Scheme

A node-centered conical coordinate finite-volume scheme
following Jameson’s approach is applied to a discretized ver-
sion of Eq. (4) in the crossflow plane. Figure 1 illustrates the
basic scheme. It is assumed that the residual and, hence, the
flow variables are stored at node points. The cell-centered
fluxes are first computed over each cell of the grid by summing
the fluxes across the four individual sides of the cell. Since
flow variables are stored at node points, the side flux is com-
puted by simply averaging the fluxes stored at the endpoints or
nodes of each side constituting the boundaries of a cell. This
yields a more accurate estimate for the flux on skewed or
irregular meshes in comparison to a cell-centered scheme. The
residual at each node point is then computed by summing the
cell-centered fluxes of the four cells surrounding that node
point. In discretized form, the conical terms in Eq. (4) can be
rewritten at a node point i, j as

AQ 4 LI -
AS—= + ), Y (FAv—-2A0 +2IAS =0 )
A cell=1 side=1

where 7 and g are the side fluxes and

4
AS = ) AA

cell =1

The area AS is the sum of the area of the four cells sur-
rounding a node point. Hence, the formulation of the node
residuals is composed of an interlaced pattern of four cells.

Dissipation and Local Time Stepping

A blend of second- and fourth-order differences adopted
from Jameson (Ref. 1), but similar to Rizzi et al. (Ref. 13) and
Murman et al. (Ref. 12), is used for added artificial dissipa-
tion. The fourth-order differences are added as background
dissipation to prevent odd and even point decoupling. The
second-order differences are added primarily to smooth out
oscillations in regions of severe pressure gradients associated
with shock capturing. The second- and fourth-order dissipa-
tion has the following function forms:

AS AS -
D,Q = 62|:55(<F PxxExQ) + 5y<ET PyﬁayQ>]

AS AS
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where ¢, and ¢, are dissipation constants, a proper order of
magnitude is obtained through the scaling AS/At* next de-
fined, and Py, Pj; are pressure switches.

The coefficients of the dissipative terms are scaled by the
total cell area or sum of the four cell areas surrounding a
node. Local time stepping is used to accelerate convergence.
At* denotes the local time step at a node for a fixed CFL
number of unity. The local time step is evaluated for each cell,
and the nodal time step is taken to be the average of the four
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surrounding cell time steps. The local time step for a cell is
evaluated as

AA

A= @ TOn i+ AL@ T TOn Y, Q]

where ¢ is the speed of speed, Af the side length, and Qy the
normal velocity through the side.

The denominator in Eq. (7) is taken to be the average of
(@ + | Qv |) divided by the average side length in the two
coordinate directions. Hence, the dissipation coefficient AS/
At* becomes the order of the average grid size and propor-
tional to the largest wave speed (@ + | On |). In the time
stepping scheme, a locally varying time step Atz = NAz* is used,
where the actual CFL number A may also be varied. Since the
dissipation is scaled according to Az*, the steady-state solution
is independent of the actual choice of CFL number.

Boundary Conditions

On the body, the normal velocity is set equal to zero at node
points. Since the governing equations are satisfied at node
points rather than cell centers, there is no necessity to extrapo-
late pressure to the boundary. At the outer boundary, which is
taken beyond the captured bow shock, two outer rings are set
to freestream conditions.

Nonconical Upwind Scheme
To evaluate the R derivatives for nonconical flows, an arbi-
trary transformation from the physical conical coordinates (%,
¥, R) to a computational grid (£¢,7,¢) is assumed where

§=®yR), n=®pR), {=R ®

The nonconical term in the differential equation (3) is trans-
formed into
ah _ .
R = Eghy + ngh, + by &)
where derivatives with respect to the marching direction { (i.e.,
R) are upwinded by a first-order backward difference.

Multistage Integration Scheme
The unsteady governing equation can then be represented as

30 1 1 .
= +BR;@ (9] +K§ny (@) +Hr(Q)=0 (10

where the operator R;; represents the crossflow finite-volume
spatial approximation to the residual, Dy; the added second-
and fourth-order dissipative operator, and Hy the nonconical
upwind operator. A modified fourth-order Runge-Kutta
scheme is used to integrate the set of ordinary differential
equations defined by Eq. (10) in the following form:

© _ 0
Qijk — Qijk

©® © At ©® ©
Qijk = Qijk Y [(ny + ny>

AS (0)
T AR <Hrjk _Hif"‘>]

{n+1) [©)]
where o= ¥4, V3, V3, 1, i and j indices refer to the cross-
flow plane coordinates X and j, respectively, and the &
index refers to the marching plane. The bracketed super-
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scripts refer to the f stages (i.e., £=4) of the Runge-Kutta
scheme. The dissipative terms are frozen throughout the mul-
tistage integration scheme. The nonconical or three-dimen-
sional terms are evaluated upwind from the current k plane to
the previous k& — 1 plane. Hence, the previous plane informa-
tion is frozen throughout the time integration scheme, and the
current plane nonconical contribution to the residual is up-
dated implicitly for each stage of the multistage scheme.

The implicit treatment of the nonconical terms removes any
CFL constraints in the marching direction. The method begins
at R = AR where a small conical nose cap at the apex is
assumed. As a result, both planes of information at R = 0 and
R = AR are set equal, resulting in the automatic reduction of
the equations to conical flow. Marching then begins using the
conical solution at R = AR as initial conditions for the subse-
quent three-dimensional solution. All subsequent marching
planes use the solutions from the previous plane as an initial
guess.

Residual Smoothing

In order to accelerate convergence, an implicit residual
smoothing (Ref. 2) is applied to the current plane in the
following fashion:

(1 = px 821 — py )R ; = Ry ; (12)

where R;; is the smoothed residual. The residual smoothing
requires two tridiagonal inversions and is quite costly compu-
tationally. For efficiency, it was found adequate to use resid-
ual smoothing only on the second and last stage of the Runge-
Kutta integration scheme. The constants us; and pu; may have
typical values ranging from 0.25 to unity.

Discussion of Conical Flow Results

Convergence to a Steady State

Figure 2 shows plots of the maximum residual vs both CPU
time and iterations on the Cray XMP for a sample conical
flow case. The example case is an elliptic cone (20 deg by 1.5
deg) at M, = 2.0, o = 10 deg. The grid is a 61 X 51 mesh that
is generated by a conformal mapping that clusters points
around the leading edge. Additional clustering was used in the
radial direction to cluster points in the vicinity of the surface.
Figure 3a shows the overall grid and Fig. 3b illustrates the
overall isobar solution obtained for this mesh. All shocks are
captured. As a result, the radial clustering varies circumferen-
tially in order to accurately capture the windward bow shock.

All the convergence histories shown in Fig. 2 are for an
impulsive start from freestream conditions using a locally
varying At with a constant CFL number. The solid line repre-
sents a nominal case in which the residual smoothing is turned
off. The dashed and broken lines show the convergence histo-
ries with the residual smoothing turned on only at the two even
stages (i.e., the second and fourth) of the Runge-Kutta
scheme. Significant gains are achieved initially with a smooth-
ing coefficient of 0.25 in both directions. A further increase in
the smoothing coefficient shows only modest gains, and a
smoothing coefficient of 0.50 appears to be optimum. Addi-
tional increases in the smoothing coefficient show no mean-
ingful gains and can cause the convergence rate to deteriorate.
The effectiveness of the residual smoothing is both case- and
grid-dependent. Much greater improvements in convergence
rates have been achieved for simpler flow situations and less
severely clustered grids. With the residual smoothing turned
on, the solution converged to machine zero in about 45 CPUs.
For all practical purposes, the solution was converged (i.e., six
to eight orders of magnitude) in about 15 to 20 s. The CPU
efficiency reflects the highly vectorizable nature of the explicit
Runge-Kutta scheme. Even the residual smoothing was vector-
ized for the most part.



JANUARY 1990

4.0
3.0
2.0
10
0.0
10/
2.0
LOG  -3.0-
RMAX)
501
6.0~
7.0
9.0-
-10.0+
T FE— . :
0 15 30 45 60
TIME: CRAY XMP- SECS

MESH SIZE (61 X 51)

EULER SOLUTIONS FOR SUPERSONIC FLOWS 69

SMOOTHING OFF

1.0- ———— p =025
— - = 0.50

LOG -3.0
(RMAX)

T T 1
0 500 1000 1500
ITERATIONS

Fig. 2 Effects of residual smoothing on the convergence of an elliptic cone, M., = 2.0, a = 10 deg.
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Fig. 3 Grid and isobar solution for an elliptic cone at My = 2.0,
« = 10 deg. a) Computational grid (61 X 51) and b) isobar pattern.

Artificial Dissipation

Figure 4 shows the surface pressure coefficient distribution
obtained on the 61 %51 grid and also on a coarser grid of
45 % 32 for the conical flow on the elliptic cone just discussed.
Both of these coarse grid solutions represent attached leading-
edge flows with a small shock vorticity-induced separation
inboard of the crossflow shock. These solutions were gener-
ated using minimum values of the dissipation coefficients.
Hence, the correct inviscid solution for this case can be ob-
tained with very crude grids. Earlier studies using central-
difference methods (see Ref. 5) had indicated that very fine
grids were necessary to compute the attached leading-edge
solution for this case. The present method is in agreement with
later studies such as Ref. 20 or Ref. 21 that also demonstrated
attached leading-edge solutions on crude grids.

Figure 5 shows how the present method compares with the
shock fit method of Marconi (Ref. 9). The present method
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Fig. 4 Surface pressure distribution on an elliptic cone at M, = 2.0,
o =10 deg.
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Fig.5 Comparison of surface pressures for an elliptic cone at
Mo =2.0, a =10 deg.

used a mesh of 89 x 68. The method of Ref. 9 used an 89 x 89
grid and additional clustering around the ellipse that put more
points in the vicinity of the leading edge and inboard shock
foot location. Both bow and crossflow shocks are fit (in
Ref. 9), whereas the present method captures both these
shocks. Given the differences in grid, both methods show
quite good agreement for surface pressures and crossflow
shock locations.

Attached Flows
Figure 6 shows a set of surface pressure coefficient solutions
for a conically cambered wing at M,=1.6 and M, =2.0.
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Experimental data were available, and the Euler solutions
were computed for the highest angle of attack obtained in the
wind-tunnel data (Ref. 16). Nonconservative full potential
flow solutions also were generated using the relaxation
method of Ref. 19. The Euler solutions captured both bow
and embedded shocks using an 89 % 65 stretched and mapped
grid. The full potential solutions were obtained on similar
grids (73 x57) with the bow shock fit. Excellent, if not re-
markable, agreement is obtained between the Euler and full
potential solutions. Both agree reasonably well with the test
data. Some discrepancies exist with the experiments near the
leading edge where the computed solutions show a lower suc-
tion peak. Differences in crossflow shock location are evident
at the higher Mach number possibly due to boundary-layer
shock interaction effects. The experimental data show little or
no separation.

Separated Flows

Figure 7 shows a set of surface pressure coefficient solutions
for a conical wing at M, = 1.70 and 2.80. The upper surface is
flat with a sharp leading edge. The mapped grid was generated
by locating a grid point at the leading edge. Other than this, no
special considerations were used in generating the Euler solu-
tions on an 89x65 grid. Upper-surface experimental data
(Ref. 17) were available, but needed corrections to the angle of
attack due to sting effects and an angle rotation due to differ-
ences in coordinate origins. The corrected angle of attack
computed for both cases was approximately 14 deg and is
shown in Fig. 7.

Figure 8 shows the leading-edge separation streamlines and
supersonic crossflow Mach number regions, denoted by the
dashed lines, for both of the aforementioned comparisons. In
both cases, the flow separates at the leading edge and forms a
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Fig.9 Computed results for a conical mutlifinned cross section at My, = 2.0, o = 35 deg. a) Mesh (95 x 72), b) crossflow streamlines, and c)

crossflow isomach contours.
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Fig. 10 Surface pressure comparisons for a three-dimensional supersonic wing at Mo, = 1.6, o = 14 deg.

spiraling streamline or vortex. Two supersonic crossflow re-
gions are present for both freestream Mach numbers, indicat-
ing reverse crossflow shocks. The flow under the spiral accel-
erates toward the leading edge, forming another supersonic
reverse crossflow region terminating in a crossflow shock.
This is also indicated in the computed Euler pressure distribu-
tions shown in Fig. 7. At the higher Mach number of 2.8, the
reverse crossflow shock is strong enough to induce a small
secondary spiral. The Euler solutions are in good agreement
with the experiment up to the reverse crossflow shock. Evi-
dently, viscous effects dominate the flow via boundary-layer
shock-induced separation.

Figure 9 shows a series of computed results for a multi-
finned conical cross section at M, = 2.0, o = 35 deg. Fig. 9a
shows a portion of the grid used for the computation. The fins
have sharp leading edges and are located symmetrically at
+45 deg. The fins are swept 70 deg and are attached to a 10
deg conical centerbody. The grid was generated with a series
of analytic conformal mappings. The mapped space was then
partitioned into three regions to yield the grid shown in Fig.
9a. Figure 9b shows some of the computed crossflow stream-
lines and crossflow sonic lines, and Fig. 9¢ shows the cross-
flow Mach contours. A very complex flow pattern exists for
this conical cross section. Both fins separate and vortices are
formed. Two supersonic crossflow regions exist near the lower

fin and three in the vicinity of the upper fin. The supersonic
crossflow Mach number region near the lower fin is quite
large, extending almost to the bow shock. A very strong
crossflow shock occurs on top of thé lower fin vortex. A
“‘pinwheel’’ shock or triad of shocks occurs around the upper
fin vortex. On the lower fin, a secondary reverse flow vortex
also develops, induced by the vorticity of the reverse crossflow
shock. At this freestream condition, slightly subsonic total
Mach numbers exist on the windward surface. Such a complex
flow pattern as indicated by these results probably should
warrant finer grids to reveal additional details of the flow
pattern.

Discussion of Three-Dimensional Flow Results

For three-dimensional flows, the computation is initiated by
assuming a small conical nose cap for the three-dimensional
geometry. Arbitrary step sizes can be used for marching over
the configuration. Typically 30 to 100 marchirnig steps are
used. At each marching step, the unsteady equations are
solved with an implicit update of the R derivatives. For a
three-dimensional configuration, typically the solution is con-
verged to 103 at each crossflow plane, representing a 4 to 7
order-of-magnitude drop in maximum residual. Each noncon-
ical cross section typically requires 50 to 300 iterations to
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converge, but this number is largely dependent on marching
step size, geometry, grid, and severity of the case.

Three-Dimensional Wing: Attached Flow

Euler solutions were computed for a three-dimensional su-
personic fighter wing. Experimental data are available for this
wing at four spanwise data stations. The Euler code was run
up to the highest angle of attack available in the data at M, =
1.6, =14 deg. The full potential solution was also com-
puted. It utilizes a fully implicit spherical marching method
similar to the Euler code. Hence, almost identical grids were
used for both computations. The Euler code used a 65 x 57
crossflow grid with all shocks captured, and the full potential
code used a 65 x 57 grid with the bow shock fit. Both compu-
tations were carried out using only 30 marching planes with a

LEEWARD
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radial step size of unity. Figure 10 shows a comparison of
surface pressures for Euler, full potential, and test data at
three spanwise stations for M, = 1.6 and « = 14 deg. Once
again, excellent, if not remarkable, agreement is shown be-
tween the Euler and full potential solutions at all spanwise
stations. Slightly different computed crossflow shock loca-
tions are exhibited at the first station. At the first station, the
Euler solution shows slightly better agreement with the test
data in the vicinity of the crossflow shock. Both the Euler and
full potential computations are in good agreement with the
test data. The experimental data show little or no separation.
The largest discrepancy occurs inboard of the crossflow
shock. Figure 11 shows isobar patterns for the wing at M, =
1.6 and o =12 and 14 deg. The crossflow shock is quite
evident on the leeside of the wing at « = 14 deg.
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Fig. 12 Entropy contours for a three-dimensional body at M. = 2.50, « = 10 deg.
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Fig. 13 Entropy contours for a three-dimensional elliptical body at Mo, = 2.50, « = 20 deg.
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Three-Dimensional Body-Separated Flows

The Euler solutions shown for the wing agree remarkably
well with the full potential solution. This is because the wing
has primarily attached flow due to a rounded leading edge and
camber designed to minimize the generation of crossflow
shock waves. For separated flows, detailed experimental data
(Ref. 18) are available for a three-dimensional body with a 3:1
elliptic cross section and a modified Haacke-Adams area dis-
tribution. The Euler solutions for this problem were generated
at M, = 2.50 and o = 10 and 20 deg, and used only 30 march-
ing planes with a 65 x 57 crossflow plane grid. The evolution
of the flowfield at o = 10 deg is depicted by the total pressure
or entropy contours shown in Fig. 12 at several crossflow
stations with R = 30 corresponding to the last computed sta-
tion. Up to R = 15, a crossflow shock is situated on the leesids
of the section. As the body expands, the crossflow shock
migrates toward the leading edge. As the crossflow shock
migrates toward the leading edge, it grows in strength, and
separation is increasingly induced downstream of this shock.
At R = 25, the crossflow shock is located close to the shoulder
and a distinct vortex has developed.

Figure 13 shows the evolution of the flowfield in terms of
entropy or total pressure contours at M, = 2.5, a = 20 deg. At
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Fig. 15 Surface pressure comparisons for a three-dimensional body
at Mo = 2.50, o = 20 deg.

this higher angle of attack, crossflow shock vorticity-induced
separation occurs earlier as indicated at R = 5. It should be
noted that at this station the flow around the leading edge is
attached. Again as the body expands, the crossflow shock
becomes stronger and migrates toward the leading edge. At
R = 20, a large vortex has developed with a reverse crossflow
shock underneath. From R =20 to R = 30, the vortex in-
creases dramatically in size.

Figure 14 compares the Euler, full potential, and experi-
mental surface pressure coefficients at two span stations for
M, =2.50 and o = 10 deg. The Euler and full potential solu-
tion are in excellent agreement at X/L = 0.30, and both indi-
cate a crossflow shock on the leeside of the body. Aside from
the leeside suction region, both solutions are in good agree-
ment with the experimental data. The experimental data indi-
cate separation dominated by viscous effects in the suction
region. At X/L = 0.95. the Euler solution predicts shock-
induced separation due to the strong shock vorticity. The
irrotational assumption of the full potential equation does
not permit shock vorticity-induced separation that will occur
for the Euler equations as the shock strength increases. The
full potential solution predicts a suction pressure plateau near
vacuum pressure, terminating in a very strong crossflow
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shock. The Euler solution does not expand to vacuum pressure
but indicates a crossflow shock slightly upstream of the shoul-
der at § = 85 deg. The Euler solution also predicts a reverse
crossflow shock at # = 95 deg. The experimental data do not
indicate either of these shocks and do not achieve the suction
levels that the Euler solution predicts. Away from the shoulder
region, however, the Enler solution is in excellent agreement
with the experiment. Two Euler solutions are shown in Fig. 14
where the second-order dissipation coefficient (E2) was in-
creased by a factor of 6. The Euler solutions show only a small
effect due to dissipation.

Figure 15 shows a similar comparison at o = 20 deg. The
full potential solution could not be computed for this case, but
the present Euler solution is compared to another Euler solu-
tion computed by Marconi in Ref. 15. The Euler solution of
Ref. 15 was computed using a completely different finite-
difference method and forced separation at the shoulder.
Shock vorticity-induced separation is indicated by the present
Euler solution at X/L = 0.30. The Euler solution of Ref. 15
indicates a crossflow shock just downstream of the shoulder,
a constant suction plateau, and a reverse crossflow shock. At
X/L = 0.95, the two Euler solutions are in excellent agree-
ment. Both predict crossflow and reverse crossflow shocks.
One difference between the two Euler results is that the solu-
tion of Ref. 15 indicates a reverse crossflow shock separation,
whereas the present solution does not. Once again, both Euler
solutions are in good agreement with the test data except in the
vicinity of the leeside shoulder.

Conclusions

For supersonic three-dimensional flows, a new Euler
method has been developed that is both computationally
and storage-efficient. Pseudotime integration with residual
smoothing is utilized to accelerate crossflow plane conver-
gence to a steady-state solution. The method has been demon-
strated to be extremely flexible in predicting a variety of both
attached and separated conical and three-dimensional flows. It
has been demonstrated that the method is ideally suited for the
computations of flows in the lower supersonic Mach regime
due to its implicit nature. Accurate three-dimensional solu-
tions can be obtained utilizing as few as 30 marching planes.
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